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From primal-dual links to primal-dual losses



Multiclass classification
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Splitting the prediction function in two
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Unregularized link: arg max
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Unregularized link: arg max
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> How to train this?
> Which loss?
> What about the squared loss?

RX 560 — [largmax(y’, 6) — y;

y’EAk




What if we want a convex differentiable loss?



Idea primal-dual loss instead of primal-primal loss

PREDICTION with primal-dual link
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Properties of the primal dual loss L

> L(y,0) >0
> L(y,0) convex in 6
> L(y,0) differentiable in 0

>
L(y,0) =0 < LINK(0) =y
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The training optimization problem
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> What is given: dataset (x',y");c[n]
> What is chosen before training:

> class of models G
> link and associated loss L

> What is trained: model g
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Outline of the presentation

Primal-dual losses from regularized arg max
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Regularized arg max link
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VO (0) = arg max(y’, 0) — (y')

y’GAk

where € is a strongly convex function

> Examples: sparsemax, softmax
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Fenchel-Young loss: a natural choice for the loss

[Blondel, Martins, and Niculae, 2020]

X MODEL o FyLoss [
- -
input score loss value

> Fenchel-Young (FY) loss associated with VQ*(0)
Losa-(y,0) = Qy) +Q°(0) — (y,0)

Conjugate function Q*() := sup,.,cpe(y’, 0) — Qy"), VO € R*
> Loga+ > 0, convex in 6
> Losg-(y,0) =0 = y = VO*(0)
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Maximal monotone operator representation

[Burachik and Svaiter, 2002, Burachik and Martinez-Legaz, 2018]

> VQ* is a (maximal) monotone operator
(VQ*(0) — Q*(0), 0 — ') >0, V0,0 € Rk

¥ Smallest convex representation of VQ*:
the Fitzpatrick function F[0] satisfying

F1oQ)(y,0) = (v, 0)
FIOQ(y,0) = (v, 0) <= VQ'(0) =y
F[09] is convex

> We define the Fitzpatrick loss

Lepoay(y,0) = F[0Q(y,0) — (v, 6)
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New loss: the Fitzpatrick loss

[Fitzpatrick, 1988, Bauschke, McLaren, and Sendov, 2005]

Lrog(y,0) = sup (y' —y, 0 —0')
(y',0)ed2

Subdifferential: (y',0') € 90Q <= (y", 0) —Q(y") < (¥, 6") — Q(y')
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New loss: the Fitzpatrick loss

Lepa)(y,0) = sup (Y —y,0—6)
(y’,07)e0Q2

Fitzpatrick losses are tighter than Fenchel-Young losses

0< Lrpa < Loso
SN—— ~—
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New loss: the Fitzpatrick loss

d MODEL o FpLoss |7
— = -
input score loss value

> Fitzpatrick (FP) loss associated with VQ*(6)

Lrpay(y,0) = sup (y'—y,0—0)
(y',0")edn

> Lrjpq) > 0, convex in
> Lrjpq)(y,0) = 0=y = VQ*(0)
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Appendices
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Appendix: usual

VO (6) =6 for Q(y) = 3 [ly[®
VQ*(0) = argmax (y',0) for Q(y) = tax(y)
y’EA"
VQ*(0) = Pax(0) for Q(y) = LlylI* + tar(y)
* _ exp(0) —
vQ (0) = S exp(6)) for Q(Y) - <y7 lOg y> + LAk(y)

0, ify e AK
400, otherwise

Lan(y) = {
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Appendix: Sparsemax

1 1
Losa-(y,0) = Slly — 0> - SIParly) = 0)1?
> FP sparsemax loss

y+0
Lrioay = lly = 25112 = 1Pa (

5 7|

¥ The simplex projection is computed

using a sorting algorithm [Martins and Astudillo, 2016].

y+0>_y+9 5
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Appendix: Softmax
>

k

Loza-(y,0) = log Y exp(6;) + (v, logy) — (v,6)
i-1

> FP logistic loss
Lriaq) = (y* —y,0 — log y™)
> Computation of y* = y*(y, )
. e Meli if yi =0
Yi -—{ Wiy if yi >0
by the bisection of A\* = A\*(y, #) which is the unique solution

of
e_A*Ze +ZW:1

ityi=0 ity;i>0
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Outline of the presentation

Theoretical and experimental results on Fitzpatrick losses
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Theoretical contribution: target dependent FY loss
Fitzpatrick losses are FY losses with target dependent Q,

Lriog)(v,9) = Lo,e0;(v,0)

—~
Fitzpatrick

—~
“Fenchel-Young"

Lrjaa)(y,0)

Ln,_,eas;;; (©:9)  Laga-(y,6)

—0r(0)
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Theoretical contribution: target dependent FY loss

Fitzpatrick losses are FY losses with target dependent €,

Lrpoa)(v,0) = La,eq; (v, 9)

Fitzpatrick “Fenchel-Young"

> Target dependent Q,(y") = Q(y') + Da(y, y’)
Generalized Bregman divergence:

Da(y,y") =Q(y) —Q(y') = sup (y—y',0),
0'€0Q(y’)

> 2, not necessarily strongly convex
> Surprising news:
for sparsemax and softmax €2, is strongly convex
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Test performance comparison FY vs FP

Dataset || FY sparsemax FP sparsemax | FY logistic FP logistic
Birds 0.531 0.513 0.519 0.522
Cal500 0.035 0.035 0.034 0.034
Delicious 0.051 0.052 0.056 0.055
Ecthr A 0.514 0.514 0.431 0.423
Emotions 0.317 0.318 0.327 0.320
Flags 0.186 0.188 0.184 0.187
Mediamill 0.191 0.203 0.207 0.220
Scene 0.363 0.355 0.344 0.368
Tmc 0.151 0.152 0.161 0.160
Unfair 0.149 0.148 0.157 0.158
Yeast 0.186 0.187 0.183 0.185

Test performance comparison for label proportion estimation
with LBFGS algorithm

¥ FY and FP sparsemax: same computational cost
> FP logistic higher computational cost than FY _|ogistic
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Theoretical contribution: lowerbound on FP loss

Lowerbound on Fitzpatrick losses

(y* =y, V2" (y* = ¥)) < Lrpg(y.6)
where y* —y = VyLr[an)(y, 0)

12N Ge
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Thank you for your attention!
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Thank you for your attention!
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